Dedicated to Professor Siegfried Großmann on the occasion of his 65th birthday Integrable billiards in ellipsoidal and related shapes are discussed. The emphasis is on the computation and graphic presentation of energy surfaces in the space of action variables. Explicit results, including figures, are given for spheres, circular cylinders, planar ellipses, prolate and oblate ellipsoids.
Introduction
The above citation1 from a letter of Carl Gustav Ja cob Jacobi to his colleague and mentor Friedrich Wil helm Bessel, 20 years his senior, reminds us of a great period in the history of the University of Königsberg. During that same year, Bessel had succeeded to mea sure the first stellar parallax, for 61 Cygni, and thereby established the distance scale for neighboring stars to be on the order of 10 lightyears. Jacobi's achievement of that Christmas week may seem comparatively un pretentious, and yet, in his memorial address of 1852, one year after Jacobi's untimely death at the age of 47, L. Dirichlet praises it with the following words 1 English translation: The day before yesterday, I reduced the geodesic line for an ellipsoid with three unequal axes to quadra tures. The formulas are the simplest in the world, Abelian integrals, transforming into the known elliptic ones if two axes are made equal.
Reprint requests to Prof. P. H. Richter, E-mail: prichter@physik.uni-bremen.de. [1] : "Diese Jacobische Entdeckung ist die Grundlage eines der schönsten Kapitel der höheren Geometrie geworden, welches deutsche, französische und englis che Mathematiker wetteifernd ausgebildet haben." 2 Jacobi's solution of the problem of geodesic motion involves the introduction of ellipsoidal coordinates which have proven to be of utmost importance both in particle and wave mechanics. Without much exag geration it may be said that integrability of mechanical problems is synonymous to separability which in turn means that some sort of ellipsoidal coordinates are the appropriate description [2] , and elliptic or hyperelliptic integrals or functions the solution. Remember that after half a century of Legendre's single handed work on elliptic integrals, their deep mathematical nature, and elliptic functions as their inverse, were analyzed in a flash of independent activities by Abel and Ja cobi, both in their mid-twenties at the time. Take that together with Jacobi's groundbreaking work in an alytical mechanics where he elucidated Hamilton's partial differential equation and put it to practical use, it becomes apparent to what extent this giant influ enced the field of mathematical physics.
He saw himself in the tradition of Euler, Lagrange, and Laplace, and followed their example in keeping analysis pure, i. e., free from pictures. His publications are clear and relatively easy to read even today, but they are virtually devoid of illustrations. This attitude 2This discovery of Jacobi's is the foundation of one of the most beautiful chapters in advanced geometry which was shaped in the competition of German, French, and English mathematicians.
0932-0784 / 95 / 0800-0693 $ 06.00 © -Verlag der Zeitschrift für Naturforschung, D-72072 Tübingen was criticized by Klein and Sommerfeld in their work on rigid body dynamics [3] , and we believe it pre vented even Jacobi from seeing some of the richness that his analytical results contain. The present paper is an attempt to demonstrate this for the problem of billiard motion in ellipsoidal and related shapes.
The study of billiards as particularly simple exam ples of mechanical systems has itself a long history, and has been revived in connection with recent inter est in the transition from integrable to chaotic behav ior [4] , [5] . Jacobi has not explicitly studied billiard motion himself, but an elliptical billiard in D dimen sions can always be understood as geodesic motion on a (D+l)-dimensional ellipsoid, with one axis shrink ing to zero length. In that sense, Jacobi has indeed provided all solutions.
But this is only true in principle. He has not cared to present any study of the various possible types of motion, of frequencies, or of action integrals. Interest in these matters arose only much later, in connection with the development of quantum theory after 1910. Action integrals were then needed to arrive at discrete spectra via quantization of the actions in units of h [6] . In modern times, they are a convenient starting point, at least in principle, to discuss the breakup of invariant tori under non-integrable perturbations [7] , [8] , [9] , [10] . Yet surprisingly few examples are known where the calculation of energy surfaces in terms of action variables has been carried out, and graphical presen tations given. Our own recent work on the classical integrable cases of rigid body dynamics [11] , [12] has aimed at filling this gap. The present contribution continues that effort with integrable billiards.
The paper is organized as follows. In Sect. 2 we start with the elementary cases of spheres and cylin ders. In order to give an introduction to the spe cific new features in ellipsoidal shapes, we first treat the two-dimensional case of billiard in an ellipse, in Sect. 3; it is well known that there exists a separatrix between two different types of motion. For the cases treated in Sects. 2 and 3 we also present all informa tion about frequencies and winding ratios. The rest of the paper is devoted to ellipsoidal billiards in three di mensions, with explicit results on energy surfaces for ellipsoids with rotational symmetry: prolate ellipsoids in Sect. 4, and oblate ellipsoids in Section 5. We do not treat these billiards as four-dimensional geodesic flow squeezed in one dimension, but rather directly evaluate the Hamiltonian of three-dimensional free motion with elastic reflection, using appropriate co ordinates. In Sect. 6 we present the analytic basis for a similar study of the general case, but the numerical and graphical evaluation is left for the future.
The analytic complexity of a billiard inside a Ddimensional ellipsoid is the same as that of geodesic flow on the surface of a Z)-dimensional ellipsoid. As Jacobi remarked in his note to Bessel, the gen eral case of geodesic motion on the surface of threedimensional ellipsoids involves Abelian, or hyperelliptic, integrals. Taking into account the motion inside such ellipsoids does not increase this complexity. In ellipsoids with rotational symmetry, the Abelian in tegrals reduce to ordinary elliptic integrals for which there exists readily available numerical software. This has determined the choice of problems treated in this paper.
Spheres and cylinders
Consider first a freely moving point of unit mass inside a sphere of unit radius, elastically reflected upon encounter with the surface. It is well known that this situation is separable in spherical coordinates r, ip, in which the Hamiltonian reads
together with the reflection condition (2) There are three obvious constants of motion: the energy H , the total angular momentum squared, p j + p 2/ sin2 tf, and the ^-component of the angu lar momentum, ptp. Their respective constant values will be called E, L2 =: 2E l2, and P^ =: V lE The admissable ranges are 0 < I2 < 1, -/ < < l\ E is a scaling parameter and, without loss of generality, may be put equal to 1/2. Except for critical cases to be discussed separately, every allowed triple (E , /2, l^) defines a 3-torus3 in phase space. Three natural fun damental cycles around these tori are C^: d r = dti = 0, : dr = dip = 0, Cr : d<p = dtf = 0. where cos <p = l.
The angle 4> (0 < 4> < i t/ 2) has a simple interpre tation as being the angle between a trajectory and the tangent plane to the sphere at the point of its last reflection; this is obviously a constant of the motion. With these formulas we may plot the energy sur face E = const in action space, as shown in Figure 1 . It has the shape of half a tent, symmetric with respect to the plane I\ = 0, and piecewise linear (|/i | + I2 = I) in cross sections h = const. The full five dimensional energy surface should be visualized as a standard 3-torus of angle variables being attached to each point of this 2D-surface. When one of the three actions vanishes, the 3-torus degenerates to a 2-torus or else becomes foliated by 2-tori. Thus I r = 0 character izes geodesic motion on the surface of the sphere (r = 1); for 1$ = 0 the billiard takes place in the equatorial plane ti = 7t/2. Both situations are crit ical cases, corresponding to 2-tori in phase space. On the other hand, the condition 7^ = 0 holds for planar billiards where ip = const, each constant be tween 0 and lit labelling a different 2-torus. In the four corner points of the tent, the tori degenerate even further. The top (Ji, I 2, 1^) = (0,0, X/it) corresponds to linear periodic motion through the sphere's center, with zero angular momentum, and arbitrary direction. The points ( I \ ,h , h ) = (± 1,0,0) represent circular motion along the equator, in the two possible direc tions; these are two 1-tori in phase space. Finally, the point (0,1,0) characterizes circular motion in planes ip = const. The period of the r-motion, from minimum to max imum and back to minimum, is Tr = 2n/ujr ,
The period of the ^-motion is most easily obtained from (5) and the winding ratio
The period T^ of the (^-motion is the same, as can be inferred from the winding ratio
This degeneracy is related to the fact that any given motion takes place in a plane perpendicular to the fixed angular momentum vector. The normal to this plane has an angle arccos^/Z ) with respect to the z-axis. The identity of the two frequencies and reflects the absence of precession. For the 3-tori at given actions this means they are foliated by 2-tori. (9) with cost]) = llpl/y/l -ez .
The angle < f> is again the angle between the tangent plane to the cylinder's lateral surface and a trajec tory after reflection. Taking the differential of the last equation, we find the following expressions for fre quencies, or periods:
The energy surface in action space is shown in Fig  ure 2 . On the plane I z = 0 it coincides with the = 0 limit of the spherical billiard; both cases represent a planar circular billiard of radius 1. For I r -0 the mo tion takes place on the cylinder's lateral surface, and for = 0 on a rectangle = const. The correspond ing lines on the energy surface are half or quarter
Fig. 2. Energy surface of a cylindrical billiard, h = r = 1. 11 is the 2-component of the angular momentum, is the action of motion along the 2-direction, and I3 the action of radial motion.
The planar elliptic billiard
Consider the following elliptic boundary in the (x, y)-plane,
With a varying from 0 to 1, we have a family of boundaries connecting circles to thin slabs. The major half axes of all these ellipses are normalized to 1. Their foci are at (x, y) = (±a, 0). A natural system of orthogonal coordinates (4, rj) is given by the sets of confocal ellipses £ = const and hyperbolas t] = const [13] :
where the coordinate ranges are a < £ < l , -a < r j < a . Two sheets of this coordinate set are needed to cover the y > 0 and y < 0 halves of the billiard.
The Hamiltonian of free motion inside the billiard, in terms of (£, ^-coordinates and corresponding mo menta (pz,pr,), reads H = \ e h ? " a2)p* + (ft2" v2)p^ • (18) Two types of reflection must be considered. One is the physical reflection at the boundary £ = 1,
without change of coordinate sheet. The other is a formal reflection whenever the sheet boundaries £ = a or 77 = ± a are reached during the motion. At £ = a, the rule (19) applies together with a change of sheet. Similarly at 77 = ± a , there is a change of sign in pv, together with a change of coordinate sheet. (The formal reflection might be turned into a physical one by considering a billiard in a half-ellipse.)
The elliptical billiard is integrable as the two coor dinates £ and 77 can be separated. Multiplying (18) by £2 -rj2, we find a separation constant K: (20) 2Er]2 + (a2 -rj2) p 2 = K =: 2E k2 . (21) For the scaled constant of motion k2, it is easy to see that the allowed range of values is 0 < k2 < 1. The case k = 0 corresponds to a motion where f a Pv) -(0,0), i. e., oscillation along the y-axis. The other extreme case, k = 1, holds for = (1,0), which characterizes sliding motion along the billiard's boundary. To get an intuition about the meaning of k consider the limit a -> 0 where the ellipse degen erates into a circle. The relation of elliptic and ordi nary polar coordinates is then (£,77) -> (r, a cos cp) which implies (p^pr,) -► (pr , ~P<p/a sine/?). There fore k2 -► l 2\ not surprisingly, k2 generalizes the angular momentum squared.
Let us discuss the invariant tori defined by given values of E (which can be assumed 1, as always in billiards without potential) and k. Their intersections with the and (77, p 7J)-planes are obtained by solving (20) and (21) for and pv: Figure 3 shows that there are two types of tori, with a dividing separatrix. For k2 > a2, the ^-values are restricted by k < £ < 1, whereas 77 can assume all values. We call these tori type I; they resemble those in a circular billiard, £ corresponding to the radial, 77 to the angular coordinate. In configuration space, the ellipse £ = k plays the role of an inner envelope to the motion, where becomes zero and changes sign. For k2 < a2, on the other hand, there are no restrictions on £ but on 77: -/c < 77 < k. We call these tori type II; they resemble those in rectangular billiards, £ playing the role of the y-coordinate, and 77 of x. The hyperbolas 77 = ± k act as the vertical reflecting boundaries. The separatrix motion (k2 = a2) is the only one that reaches the foci. It is asymptotic to the unstable oscillation along the x-axis.
We can now turn to the computation of the ac tions. The two cases of type I and type II motion must be distinguished, and care must be taken to identify closed paths around the tori, given the two coordi nate sheets. Let us begin with type I orbits, k2 > a2. The corresponding tori have a radial and an angu lar 77-coordinate. The 77-coordinate, using both sheets, encircles the foci in opposite senses which we shall distinguish by a ± sign. Taking the action along one full loop, we are led to a complete elliptic integral, Together, the results (23) and (25) define the two components of the type I branch of the energy surface. In the limit a -* ■ 0, the planar circular billiard should be recovered, i. e., the h = 0 result of the spherical and cylindrical billiards. This is indeed the case, as £ r , p t pr , K2 p 2/2 E , cos<p = p^p/V lE , and £(<f>, 0) = cp, 8(0) = tt/2, so that and I r, (sin <p ~ <t>\ cos cp\) = I r ^6 )
The limits k2 -► 1 and k2 -► a2+ can also be treated explicitly. Evaluating the integral (24) for k near 1, and using d£(k)/dk = (£(k) -K(k))/k in (23), K{k) = T ( j , k ) being elliptic integrals of the first kind, we get
The ^-action requires a ^-integration from minimum (k) to maximum (£ = 1) and back to minimum:
This is an incomplete elliptic integral which may be expressed in terms of canonical forms [14] , [15] , [16] :
This describes the "whispering gallery" behavior of the elliptical billiard. The action values at the sep aratrix A c2 = a2, coming down from k2 > a2, are determined by elementary integration:
Let us now determine the actions of type II motion, k2 < a2. The 77-motion is now also oscillatory, but it suffices to stay between -k and k on a single sheet. Iv is therefore continuous at the separatrix. We obtain
A L e^-^j t^i a We use the notation £(cp, k) for incomplete, and £(k) for complete, elliptic integrals of the second kind, There is only one sign because of the oscillatory charwith amplitude <p and modulus k. acter. In ^-direction, to get a complete path around an invariant torus, both coordinate sheets must be tra versed back and forth. At the separatrix, this makes for a jump by a factor of 2 in
We get
The limit k -► 0 can be obtained by elementary integration. We find
This makes for a linear relation between the two ac tions, in this limit. Figure 4 summarizes the results (23), (25), (29), and (30) for a number of different values of a. For given a, the energy surface consists of three contin uous pieces, each characterized by its particular type of 77-motion: clockwise rotation outside the foci (high Iv, low If), oscillation between the foci (low Iv, high I^), and anticlockwise rotation outside the foci (neg ative Irj).
The energy surface contains all information about frequencies and winding ratios. The easiest quantity to be derived from the above results is the winding ratio
Taking the derivatives with respect to the separation constant K in the integrals defining the actions, we find (34) Figure 5 shows how the winding ratio varies as a function of the action Iv, for the same values of a as in Figure 4 .
It is a little more difficult to obtain the individual frequencies u^ and cov. Of course, it suffices to com pute because u>v can then be obtained with the help to determine u^. So all we need besides the winding ratio are the two derivatives of the actions with respect to E, at constant K. This is best done directly under the defining integrals. For a < k, < 1, we find is Jacobi's Zeta-function. Note that Z(cf), 0) = 0. Very similar relations can be derived for the pa rameter range 0 < k < a. Using
we obtain the ^-period from 2-7T Tt = -= V2E
(sin^ -o^^) ) .(40) Figure 6 presents the results as functions of I v, for the same a-values as in Figure 4 .
Prolate ellipsoids
The prolate ellipsoid The system has three constants of motion: the total energy H = E, the angular momentum p^ = P^ =: V 2 E L , and the separation constant K = 2E n2, 
and the elastic reflection at the boundary £ = 1 is described by
The physical interpretation of the extreme cases is the following. For Iv = ± \ / l -a2 , all energy is in the <p-motion, with ( £ , 7 7 = (1,0,0,0); this means the particle slides along the ellipsoid's equator. The value of k2 is then necessarily equal to I 2. In (tiViViPtiPviP'p) (.tiViVi-PtiPriiPip) • (45) general, when k2 = I 2, the motion is restricted to the equatorial plane, (77, pv) = (0,0), with ^-values in There are no further artificial reflections to be taken the range a2 + I 2 < £2 < 1. The effect of a finite into account.
angular momentum is to keep the particle away from the x-axis. At the other extreme, when k2 = 1 -a21 2/(1 -a2), the motion is restricted to the ellipsoid's surface, = (1,0), the values of 77 being confined to the range rj2 < a2 + k2 -1. With I 2 growing towards its maximum possible value 1 -a2, the geodesic motion takes place in an equatorial belt of decreasing width.
The invariant tori for given E, I a n d k2 are again the direct product of three circles, <p G S l and two related circles in the and (77, p^-planes, ob tained explicitly by solving (46) and (47) for and Pv:
(a2 -772)2 where n\ and n 2 are defined by n l 2 = \ (a 2 + k2 ± yj(a2 -k2)2 + Aa2l 2 ) with 0 < 722 < a < ni < 1 .
(50) Figure 7 shows these tori for a = 0.4 and = 0.4. In contrast to the planar elliptical billiard (cf. Fig. 3) , there is no separatrix here because the centrifugal potential keeps the motion away from the x-axis, for any 4 0-There is no discontinuity in the types of motion any more; the £ and 77 coordinates both vary in an oscillatory manner.
The computation of actions is now straightforward. With an obvious definition for the integration paths C v ,C v, and Q , we have
Vv dp = I dr/ , V2E Using standard methods, and notation as described in [14] , the integrals I2 and I3 can be expressed in terms of elliptic integrals. Being a complete integral, I2 is the simpler one of the two. With The action is thus given by 2 / a2 I 2 J2 = -( (k2 " n\ + 3
I l ( -ß 2,k )
The action I $ involves incomplete elliptic integrals, with parameters no 7 a2 -n? . 1 -nf k = -, r = ------i , sin x = 1------2 n\ n \ -a 1 -n 2
-n i (57)
the result is
a2l 2{n2 -n j ) (n2 -a2)(a2 -n\) Figure 8 gives a graphical illustration of the en ergy surface in action space. It resembles the half tent structure for the spherical billiard, cf. Fig. 1 , and indeed, for I 2 = 0 the two figures coincide up to a scaling factor \ / l -a2 in the actions I\ and 13 which accounts for the radius of the ellipsoid's equator.
The condition I v = 0 is characteristic of motion confined to the equatorial plane, i. e. it describes the situation of a planar circular billiard. It is obtained 
(sin 0 -(j) I cos0|), which agrees with the result for I3 in (4) if the radius of the equatorial circle is taken into account. Another special situation occurs for /^ -► 0. This condition characterizes the limiting case of a planar elliptic billiard. We should expect it to coincide with Fig. 4 , but at first glance it doesn't. The reason is that the prolate ellipsoid derives from rotation of only half the planar elliptic billiard about the x-axis; the other half is generated by rotation with angle it. As a consequence, the I v < 0 part of Fig. 4 disappears, and is reduced by a factor 2 in the small I v regime. This makes for a continuous curve I v vs.
for I v -0, with only a weak singularity (logarithmic divergence of the derivative) at the separatrix I v/V 2 E = h = 2 a/n . Analytically it is straightforward to derive the actions of Sect, from (53) and (58). For type I orbits, or k2 > a2, we have n2 = k2 and n 2 = a2; for type II orbits, it is the other way round. In any case, (23), (25), and (29), (30) There is one more critical 1-torus, corresponding to an unstable periodic orbit: it corresponds to the separatrix in the case of a planar elliptic billiard, ( I^I^I^/ y / l E = (0,2a/7r,(l -a)/7r). The mo tion is linear oscillation along the symmetry axis of the ellipsoid. But note that in this particular case, the constants (E , = 0, k = a) do not only specify this critical torus but also its stable and unstable mani folds.
Oblate ellipsoids
The oblate ellipsoid V + z2 = 1 (0 < a < 1) (65) x2 + I -a 2 derives from the ellipse (15) via rotation about the y-axis. The foci thereby form a circle of radius a in the (x, z)-plane, and this must be expected to have a stronger impact on the shape of the energy surface than did the two focal points on the x-axis of the prolate ellipsoid in Section . Indeed it will be seen that instead of just one singular point there appears a singular line dividing the energy surface into two parts. The rotational symmetry with respect to the y-axis implies again the constancy of the corresponding an gular momentum. Computation of the actions thus does not lead beyond Jacobi's elliptic integrals.
We adapt the coordinates (£, 77, p) to the new rota tional symmetry: (x, y ,z )= ( -£77 cos p, ±A , -£77 sin <p ) , \ a a
with ranges a < £ < 1 , 0 < 77 < a , 0 < <p < 2 ir (67) and two sheets for the y > 0 and y < 0 halves of the ellipsoid. The Hamiltonian is
and the elastic reflection condition at the boundary £ = 1 is the same as in (45). In addition, we have formal reflections whenever the boundaries £ = a or 77 = a of the coordinate sheets are reached and a transition to the other sheet takes place. The situation is similar to the case of the planar elliptic billiard, except for the sheets here being only half the size in 77. The other half is generated by the rotation. The three constants of motion are again the total energy H = E , the angular momentum = P^ =: V 2 E L , and the separation constant K = 2Ek2, a2 P 2 2 E i 2 -{ Z 2 -a 2) p 2 + -^-= K , (69) a2 P 2 2Erj2 + (a2 -r]2) p 2 H -----= K . (70) The limit a -► 0 in this case gives (£,77,9?) -► (r, a sin$, ip) for the coordinates, and for the mo menta (p t,p v,p<e) ( P r , P # / a c o s B u t the separation constant K becomes again the square of the total angular momentum.
Analysis of the allowed parameter range for Iv and K2 gives the following. First, it is easy to see that is restricted by (71) the two extreme cases I 2 = 1 corresponding to mo tion along the ellipsoid's equator: = (1, a, 0,0). Equations (69) and (70) then imply k2 = 1 + a2. For I 2 < 1, there is a range of possible k2-values, depending on I 2,
As in the prolate ellipsoid, k2 assumes its maximum for geodesic motion on the surface, i. e., for (£, ) = (1,0). This corresponds to = 1 +Ci2l 2 (73) by (69), and an 77-range a2 I 2 < rj2 < a2 by (70). The discussion of K2 min is a little more involved, as it depends on whether I 2 is smaller or larger than a2. Considering (70) for pv = 0, we may look for the smallest possible k2 by varying rj2. This is found to occur at rj1 = rfmin = a\lv \, with K2 min = 2a\lip\. But note that < a2, as required by the coordinate range (67), only if I 2 < a2. For I 2 > a2, on the other hand, k2 assumes its minimum if 77 takes on its highest possible value a, together with pv being zero. This implies = a2 + 12. To sum up, the smallest possible k2 at given is 2 a |y if I 2 < a2 ,
What is the motion like if k2 = K }min ? For I 2 > a2, since (77,^) = (a, 0), the motion takes place in the (x, z)-plane; this is the limit of a planar circular billiard, but with the further restriction that it stays outside the focal circle of radius a. For I 2 < a2, on the other hand, the motion takes place on the hyperboloid 77 = y ja \l^\, approaching oscillation along the y-axis as L 0. But what about the planar circular billiard motion with small angular momentum, I 2 < a2 ? Its «-value is given by k2 = a2 + 12 which is larger than in this range of I2, so it does not correspond to a stable orbit. In the limit -► 0 it approaches the unstable periodic motion of the planar elliptical billiard. We will see in connection with (86) -(88) that this motion marks the separatrix between the two major types: type I which crosses the (x, z)-plane outside the focal circle, and type II which crosses inside.
Let us consider examples of the two types of in variant tori in their projections on the (£,p^)-and (77, p7?)-planes. From (69) and (70) we obtain "2 _ 2 F (£2 -n 2)(£2 -n 2) There are obviously two types of motion. Type I: motion where £ never gets down to a, i. e., the inner circle is never reached; its stable cen ter is geodesic motion on the ellipsoid, £ = 1. Type II: motion where 77 never gets up to a, i. e., the outer ring is never reached; its stable center is motion on the hyperboloid rj1 = a\lv\. The sepa ratrix between the two types consists of orbits that go through the focal circle, £ = 77 = a. To compute the actions, we must identify a set of fundamental paths Cv, Q around the invariant tori. This is different in the two cases of type I and II. Consider first type I tori where a complete period in £ involves one loop from £ = n\ up to 1 and back to 77,1, whereas the 77-loop has to cover both coordinate sheets.
Evaluation of the integrals leads to the following re sults. With ,2 1 -rj2 (78) k2 = j q 2 = ^ sin2^ = n t -I -a 2' the 77-action is
whereas I^ is given in terms of incomplete elliptic integrals,
In type II tori, the path Cv performs one 77-loop from n 2 up to ni and back to n2, whereas Q involves two £-loops from a to 1 and back. The result for the actions involves parameters
-(i -k2) n ( ß z, k ) ), and h = -(1 -k2) J a 2 -n 2 7T v (83) Figure 11 shows a typical energy surface of this kind. It consists of two disconnected parts, represent ing type I and type II motion respectively. Type I occurs at large I v and small at the transition to wards type II, I v is reduced by a factor 1/2 whereas is enlarged by a factor of 2. Let us discuss the special cases of stable criti cal tori, beginning with Iv = 0. This is different for I 2 > a2 (type I) and I 2 < a2 (type II). For type I we get I n -0 if (77, pv) = (a, 0) and there fore k2 = a2 + I 2, n 2 = I 2, n2 = a2. This is the action of motion restricted to the surface of a hyperboloid rj2 = which in the limit 1^= 0 reduces to stable oscillatory motion along the y-axis.
The orbits of the planar circular billiard which cross the focal circle, I 2 < a2, are not characterized by Iv = 0. Rather they produce here the separatrix. Their parametrization is different for the parts inside and outside that circle. The inner part is given by £ = a and I 2 < rj1 < a2, the outer part by 77 = a and a2 < £2 < 1. The corresponding action integrals are elementary, the only point that needs some caution being the choice of paths that give the correct limits in the two cases of type I and type II orbits. With so that (79) 
we have
The periodic orbits corresponding to the corners of the energy surface are the following: ip is the angle between the trajectory and the tangent to the focal circle at the point of crossing. It is 0 for I 2 = a2 so that I in = 0, and grows to 7r/2 when 0 = 7r/2; then we have Iin/ V 2E = a/ir and I out / V 2E = (1 -a)/7r.
In the limit = 0, we find from (76) ni = k and ni = 0. For type I motion, k > a, this implies k2 = a2/ « 2, a 2 = 1, and sin2 ^ = (1 -k2)/ (1 -a2) ; the results (79) and (80) reduce to (23) and (25), respectively. For k < a, or type II motion, we have k2 = K2/ a 2, ß 2 = 1, and sin2 x = (1 -a2)/(l -*2). Equation (82) Jacobi's 26th lecture on Dynamics [17] is de voted to a discussion of elliptic coordinates for ndimensional quadrics. It starts with the phrase: "Die Hauptschwierigkeit bei der Integration gegebener Differentialgleichungen scheint in der Einführung der richtigen Variablen zu bestehen, zu deren Auffindung es keine allgemeine Regel giebt."4 It was one of his many great achievements to have found such a set of variables, and thereby to solve the problem of finding the geodesies on an n-dimensional ellipsoid.
In the special case of three dimensions it has turned out that Jacobi's elliptic coordinates and their various limiting cases (of which there are ten dif ferent, including rectangular, cylindrical, spherical, conical, and paraboloidal coordinates) are the only coordinates that allow separation of the Hamilto nian of free motion, and correspondingly in wave mechanics, of the Laplacian operator [2] . The key to Jacobi's success was the mutual orthogonality of sets of confocal quadrics of which he remarks with some pride on page 208 of [17] : "Die Sätze über confocale Oberflächen zweiten Grades . . . gehören 4"The main difficulty with integrating a given set of differential which there is no general rule." equations seems to be the introduction of the right variables for zu den merkwürdigsten der analytischen Geometrie; ich habe einige der wichtigsten . . . zuerst bekannt gemacht."5
The general three dimensional ellipsoid x2 + y 1 -b2 I -a 2 = 1, (0 < 6 < a < 1) (91) is conveniently described by coordinates (£, 77,0 whose relation to (2;, y, z) is the following:
(x, V, z) = _ ( t o < V i e ~ b2)(y2 -b2)jb2 -C2) ab bV a2 -b 2 (92) V i e -a2)(a2 -rj2)(a2 -C2) a V a 2 -b 2 with coordinate ranges 0 < £ < b < r ) < a < £ < \
5 "The theorems on confoeal surfaces of second degree ... are among the noteworthiest in analytical geometry; I was first to have made known some of the most important ones ..." As we shall not derive explicit results in this general case, we ignore here the question of the number of coordinate sheets needed to cover the ellipsoid and particular tori. Once this separation is achieved, the computation of actions is straightforward -in principle. We leave it for future work, or invite the reader to do it as an extended exercise. The task involves two steps. First, the scheme of bifurcations, or the phase diagram in (fci, ^-param eter space, must be established, and second, hyperelliptic integrals must be evaluated. The first part requires nothing more than an elementary discussion of the various possible ways in which the zeroes of the polynomial P(t) = t2 -k\t -k2 can be located in relation to a2 and b2. The evaluation of hyperelliptic integrals must be done numerically. It will be interesting to see how the energy surfaces come out to look like.
We remark at the end that with the same tools a number of further problems can be settled [5] . First, the billiard boundary need not be the ellipsoid £ = 1; it could be any region bounded by surfaces £ = const, 77 = const, and £ = const. Second, as already noted by Jacobi, the motion need not be free. A harmonic potential with the center at the origin may be added without spoiling the integrability. This introduces an interesting energy dependence of the energy surfaces, starting with harmonic oscillator behavior at low en ergy, and ending with the surfaces discussed here, as energy tends to infinity. The bifurcation scheme in (E, ki, k2\ a, b)-parameter space may be expected to exhibit similar complexity as in the famous Kovalevskaya case of rigid body dynamics [18] , [19] , [20] , [12] . The third generalization concerns the num ber of dimensions; it is remarkable, and was also known to Jacobi, that his separation scheme works in .D-dimensional ellipsoids for any D.
